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DERSIN DiLi
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Lisans
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Secmeli @ Matematik Lisans Programi

DERSIN KATEGORISi

Temel Meslek Dersleri

DERSIN VERILIS SEKLIi

Yiiz Yiize

DERSi SUNAN AKADEMIK
BiRiM

Matematik Boliimii

DERSIN KOORDINATORU

Salim YUCE

ASISTAN(LAR)

DERSIN AMACI

Bu dersin amaci, dgrencilerin temel lineer cebir bilgilerini, kompleks sayilari, dual sayilari,
dual sayilarin matris gosterimlerini ve dual vektor uzayini dgrenmelerine yardimer olmak;
dual diizlem, mutlak deger, liggen esitsizligi ve eslenik kavramlarini, ayrica dual sayilarla
ilgili temel tanim ve teoremleri sunmak; D-modiil yapisi iizerinde i¢ ¢arpim, norm, dig
carpim, vektorel ¢arpim, karma ¢arpim ve dual vektorlerde baz kavramlarini incelemek; E-
Study doniisiimii, dual ag1i, D-modiilde dual izometriler ve dual matrisler gibi konular1 ele
almaktir. Ayrica ders, dual degigkenli fonksiyonlarin seriye agilimini ve dual integrallerin
hesaplanmasini, reel kuaterniyonlar cebirini, reel kuaterniyonlar iizerindeki temel islemleri,
iki vektoriin kuaterniyon carpimint ve reel kuaterniyonlarin matris gésterimini icermektedir.
Ayrica, simplektik geometri tanitilmaktadir ve dual kuaterniyonlar tizerindeki temel islemler
incelenmektedir. Ders, 6grencilerin dual sayilar ve kuaterniyonlara 6zgii soyut kavramlari
kavramalarini ve bu kavramlari hem geometrik hem de analitik bakis acisiyla
yorumlayabilmelerini saglamay1 amaglamaktadir.

DERSIN iCERiGi

Temel lineer cebir bilgileri; kompleks sayilar; dual sayilar, dual sayilar sistemi, dual sayilarin
matris gosterimi, dual vektor uzayi, dual sayilar ile ilgili temel tanim ve teoremler (dual
diizlem, mutlak deger, liggen esitsizligi, eslenik); D-modiil, D-modiil iizerinde i¢ ¢arpim ve
norm, E.Study doniigiimii ve dual ag1, D-modiil lizerinde dis ¢arpim, vektorel carpim, karma
carpim ve dual vektorlerde baz kavrami, D-modiilde dual izometriler; dual matrisler; dual
degiskenli fonksiyonlarin seriye ag¢ilimi, dual integral; reel kuaterniyonlar cebiri, reel
kuaterniyonlar {izerinde temel islemler, iki vektdriin kuaterniyon c¢arpimi, reel
kuaterniyonlarin matris gosterimi; simplektik geometri; dual kuaterniyonlar ve dual
kuaterniyonlar iizerinde temel islemler.
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DERS KiTABI / MALZEMESI /
ONERILEN KAYNAKLAR

Ders Ogrenim Ciktilar:

Ders Kitabi:
Yiice, Salim. Sayilar ve Geometri. 1. baski, Pegem Akademi Yaycilik, 2020.
Zorunlu Kaynaklar:

[1] Hacisalihoglu, H. Hilmi. Hareket Geometrisi ve Kuaterniyonlar Teorisi. 1. baski, Gazi

Universitesi Fen-Edebiyat Fakiiltesi Yayinlari, 1983.

[2] Miiller, Hans Robert. Kinematik Dersleri. Ankara Universitesi Fen Fakiiltesi Yaymnlar,
Um. 96-Mat No:2, 1963.

[3] Yiice, Salim. Sayilar ve Matrisler Teorisi. 1. baski, Pegem Akademi Yayncilik, 2023.

[4] Yiice, Salim. Lineer Cebir. 8. baski, Pegem Akademi Yayincilik, 2025.

Onerilen Kaynaklar:

Blaschke, William, Miiller, Hans Robert. Ebene Kinematik. Oldenbourg, Miinchen, 1956.
Hacisalihoglu, H. Hilmi. Lineer Cebir. 8. baski, Ankara Universitesi, 2000.

Miiller, Hans Robert. Sphdrische Kinematik. VEB Deutscher Verlag der Wissenschaften,
Berlin, 1962.

Bu dersi bagariyla tamamlayan dgrenciler,

1. Kompleks sayilarin ve dual sayilarin tanimlarini, dual sayilarin  matris
gosterimlerini ve dual vektor uzaymi agiklayabileceklerdir.

Dual diizlem, mutlak deger, iicgen esitsizligi, eslenik kavrami; dual sayilara ait
temel teoremler, D-modiil yapisi; i¢ ¢arpim, norm, dis ¢arpim, vektdrel ¢arpim,
karma carpim ve dual vektorlerde baz kavramlarini ifade edebileceklerdir.

E-Study doniisiimiinii, dual ag1 kavramini, D-modiil lizerindeki dual izometrileri ve
dual matrisleri agiklayabileceklerdir.

Dual degiskenli fonksiyonlarin seriye a¢ilimin1 ve dual integralleri
hesaplayabileceklerdir.

Reel kuaterniyonlar cebirini; kuaterniyonlar arasinda toplama ve ¢arpma islemleri,
eslenik bulma ve matris gosterimlerini kapsayacak sekilde inceleyeceklerdir.

Simplektik geometri kavramimi ve dual kuaterniyonlar iizerindeki temel islemleri
aciklayabileceklerdir.

Dual sayilar, kuaterniyonlar ve dual kuaterniyonlara 6zgii soyut kavramlari
tanimlayarak  bu  kavramlart  geometrik ile analitik bakis  agisiyla
yorumlayabileceklerdir.

DEGERLENDIRME SiSTEMI

‘ Etkinlikler Say1 Katki Pay1
| Devam/Katihm
‘ Laboratuvar H H
| Uygulama H H
‘ Arazi Calismasi H H
‘ Derse Ozgii Staj H H
Kisa Smavlar/Stiidyo Kritigi (Zorunlu):
e icerik: Ilgili smmav haftasina kadar islenen konularm tiimiinii
kapsayan kapsamli sorularin sorulmast
e  Format: Yiiz yiize. Coktan segmeli kisa sinav (20-25 dakika) 4 %20
e Detayh Degerlendirme Kriterleri:
-Dersin temel kavramlarinin anlagildiginin gésterilmesi
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-Derste iglenen teorik konular ile ilgili problemleri ¢dzebilme

| Odev | |
Sunum/Jiiri
| Proie | |
| Seminer/Workshop H H
Ara Sinavlar (Zorunlu):
e icerik: Smav haftasma kadar islenen konularin tiimiinii kapsayan
kapsamli sorular
e  Format: Yiiz yiize. Sinav (90 dakika)
. . . . 1 %40
e  Detayh Degerlendirme Kriterleri:
-Dersin temel kavramlarinin anlasildiginin gésterilmesi
-Teorik konularla ilgili problemlerin ¢dziilebilmesi
-Teorik diisiinme siire¢lerinin yiiriitiilmesi
Final (Zorunlu):
e cerik: Dersin tiim icerigini kapsayan kapsamli sorular
e  Format: Yiiz ylize. Smav (90 dakika)
e Detayh Degerlendirme Kriterleri: 1 %40
-Derste islenen tiim konularin derinlemesine kavranmig oldugunun
gosterilmesi
-ileri diizey problem ¢dzme becerilerinin kullanilabilmesi
‘ Dénem ici Cahsmalarin Basar1 Notuna Katkisi H %60
‘ Final Simnavinin Basar1 Notuna Katkisi H %40
| TOPLAM %100
HAFTALIK KONULAR VE iLGILi ON HAZIRLIK CALISMALARI
HAFTALAR KONULAR On Hazirhik
IKonu Anlatimi: Temel lineer cebir bilgileri; kompleks sayilar
Smif-ici Uygulama (30 dk.): Verilen kompleks sayilarin|
toplanmasi, ¢arpilmasi, esleniklerinin bulunmasi, blme islemi ve| Grup, halka, cisim, vektdor uzayi ve alf]
ic ¢arpimlarinin, normlarmin hesaplanmasi, cebirsel yapisinin ele vektor uzayr kavramlarina ilisgkin on
lalinmast bilgilerin hatirlanmasi ve etkinlestirilmesi.
1 Kaynak: [4], 2-9; 14-41.
Smmif-i¢ci Tartisma (20 dk.): Reel sayilarin agiklayamadigi Temel lineer cebir bilgileri ve komplek
matematiksel problemlerde kompleks sayilarin kullaniminin| sayilar  konularin1 igeren  bdliimleri
Oneminin incelenmesi, Reel diizlem ve kompleks say1 sisteminin| okunmasi. Kaynak: Ders Kitabi, 24- 54.
iliskisinin incelenmesi, Kompleks sayilarin cisim olup olmadigini
larastirilmasi
IKonu Anlatimi: Dual sayilar ve dual sayilar sistemi
Simif-i¢ci Uygulama (30 dk.): Verilen dual sayilarin toplanmasi, Kompleks sayllar.\./e ]fompléks sayl sistemi
N . . . kavramlarma  iliskin ~ 6n  bilgilerin
carpilmasi, bolme islemi ve normlarinin hesaplanmasi, cebirsel] . . . |
apisinin ele almmast hatirlanmasi ve etkinlestirilmesi. Kaynak:
2 yap Ders Kitabi, 24- 54.
Smmif-i¢ci Tartisma (15 dk.): Dual sayilar ile kompleks sayilarin Dual sayllgr Ve dual say tlar sistemi
temel islemlerinin karsilastirilmasi, dual sayilarin cisim olup konularini —igeren bSlimlerin okunmast.
- ’ Kaynaklar: Ders Kitabi, 122-128. [1], 1-10.
olmadiginin tartigilmasi
Konu Anlatimi: Dual sayilarin matris gosterimi; dual vektor Kompleks sayilarin  matris  gdsterimi
uzay1 kavramlarma  iliskin = 6n  bilgilerin
hatirlanmasi ve etkinlestirilmesi. Kaynak:
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Simif-i¢ci Uygulama (30 dk): Verilen iki dual saymimn matris|
gdsteriminin yazdirilmast ve bu matrislerin ¢arpiminin hesabu ile|
dual sayilarin ¢arpiminin karsilastirilmasi, dual vektorler {izerine|
cesitli uygulamalar

Smif-i¢ci Tartisma (15 dk.): Dual vektor uzaymnin, reel vektor
uzaylarindan farklarinin degerlendirilmesi; dual sayilarin matris
lgdsteriminin uygulamalarda sagladigi avantajlarin irdelenmesi

Kisa Smav 1 (25-30 dk.): Ders sonunda, 1. ve 2. hafta derste]
islenen konular1 igeren bir kisa sinavin yapilmasi

Ders Kitabi, 33-35.
Dual sayilarin matris gosterimi ve duall
vektdr uzayr konularmi iceren boliimleri
okunmasi. Kaynaklar: Ders Kitab1, 129-
131.[1], 11-14; 18-21.

Kisa Smav 1: (2. haftanin sonuna kada
olan tiim konular) Kaynak: Ders Kitabi, 24-
54;122-128. [1], 1-10.

Konu Anlatimi: Dual sayilar ile ilgili temel tanim ve teoremler
(dual diizlem, mutlak deger, tiggen esitsizligi, eslenik)

Smif-ici Uygulama (30 dk): Verilen dual sayilarin mutlak|
degerlerinin, normlarinin ve esleniklerinin bulunmasi, {iggen|
esitsizliginin sagladiginin gosterilmesi

Smif-ici Tartisma (15 dk.): Dual eslenik ile reel/kompleks
eslenik benzerlikleri ve farklari, dual diizlemin yapisinm|
tartisilmast

Kompleks sayilar icin diizlem, mutla
deger, 1licgen esitsizligi ve esleni
kavramlarma  iliskin = 6n  bilgileri
hatirlanmas1 ve etkinlestirilmesi. Kaynak:
Ders Kitabi, 24-55.

Dual sayilar ile ilgili temel tanim ve
teoremler konularini igeren boliimleri
okunmasi. Kaynaklar: Ders Kitabi, 1264
129; 146. [1], 14-17.

KKonu Anlatimi: D-modiil, D-modiil {izerinde i¢ ¢arpim ve norm|
tanimi

Smif-ici Uygulama (30 dk.): Verilen dual vektorlerin ig
carpimin1 ve normunun hesaplanmasi

Smif-ici Tartisma (15 dk.): Ogrencilerden verilen dual
vektorlerin i¢ ¢arpimimi ve normunu hesaplamalari durumunda
vektorlerin dual kisimlarmm normu etkileyip etkilemedigini
larastirilmasi

Vektor uzaylarinda i¢ g¢arpim ve norm|
kavramlarma  iliskin = 6n  bilgilerin|
hatirlanmasi ve etkinlestirilmesi. Kaynak|
[4], 46-56.

D-modiil, D-modiil iizerinde i¢ carpim vej
norm tanimi konularini igeren boliimleri
okunmasi. Kaynaklar: Ders Kitabi, 167
172.[1], 25-28.

IKonu Anlatimi: E-Study doniisiimii; dual ag1

Smif-i¢ci Uygulama (30 dk.): Verilen bir ® dual agisinin
trigonometrik agilimlarinin cos(®) ve sin(®) igin hesaplanmasi ve|
reel kismm donmeyi, dual kismin Otelemeyi temsil ettiginin|
lgsterilmesi

Smif-i¢ci Tartisma (10 dk.): E-Study doniisiimiiniin robotikte,
bilgisayar grafiginde veya kinematikte dénme-6teleme iliskisini
sadelestirmesinin irdelenmesi ve dual agilarin donme ve 6telemeyi
birlikte temsil etmesinin miihendislik ve robotikte sagladigi
avantajlarin tartigilmasi

Lineer doniisiim ve vektorler arasindaki agi
kavramlarma  iliskin  6n  bilgileri
hatirlanmas1 ve etkinlestirilmesi. Kaynak|
[4], 50-51; 140-158.

E-Study doniisiimii ve dual agi konularing
igeren boliimlerin okunmasi. Kaynaklar:
Ders Kitabi, 172-175. [1], 29-41.

IKonu Anlatimi: D-modiil {izerinde dig ¢arpim, vektorel ¢arpim,|
karma ¢arpim; dual vektorlerde baz kavrami

Smif-ici Uygulama (30 dk.): Verilen dual vektorlerin dig
carpimiin hesaplanmasi, ii¢ dual vektor i¢in karma c¢arpimin|
bulunmas1 ve verilen vektorlerin dual vektdr uzayinda baz
olusturup olusturmadiginin incelenmesi

Simif-i¢i Tartisma (20 dk.): Dual dis ¢arpimin ve karma ¢arpimin
igeometrik anlamlarinin degerlendirilmesi ve dual vektorlerde baz
kavraminin reel vektor uzaylarindaki baz kavrami ile farklarinin|
tartisilmast

Kisa Smav 2 (25-30 dk.): Ders sonunda 6. haftanin sonuna kadar
derste islenen konulari igeren bir kisa sinavin yapilmasi

Vektorel ¢arpim, karma carpim ve baz
kavramlarma  iliskin  6n  bilgileri
hatirlanmas1 ve etkinlestirilmesi. Kaynak|
[4], 70-80; 246-250.

D-modiil iizerinde dig c¢arpim, vektorel
¢arpim, karma c¢arpim ve dual vektorlerde]
baz kavrami konularini igeren boliimlerin|
okunmasi. Kaynaklar: Ders Kitabi, 187-
197. [1], 42-45; 46-50.

Kisa Smav 2: (6. haftanin sonuna kada
olan tiim konular) Kaynaklar: Ders Kitabu,|
24-54; 122-131, 146; 167-175. [1], 1-10;
14-17;25-41.

\Ara Smav 1

Sinav haftasina kadar islenen konularin tiimiiniin
tekrar edilmesi

Konu Anlatimi: D-modiilde dual izometriler; dual matrisler

Simif-i¢ci Uygulama (30 dk.): Verilen bir donisiimiin dual
izometri olup olmadiginin gosterilmesi, Verilen dual matrisler igin|
temel cebirsel islemlerin hesaplanmasi, bazi 6zel dual matris|
6rnekleri

[zometri ve matrisler kavramlarina iliskin
on bilgilerin hatirlanmast vej
etkinlestirilmesi. Kaynak: [4], 58-117; 1514
158.

D-modiilde dual izometriler, dual matrisle
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Simif-i¢i Tartisma (20 dk.): Ortogonal dual matrislerin geometrik|
lyorumu, D-modiildeki birim kiirenin dual dénmelerin 3-boyutlul
Oklid uzayindaki karsiligmin arastirilmasi

konularmi igeren boéliimlerin  okunmast.
Kaynaklar: Ders Kitabi, 197. [1], 50-55,
[3],268-354.

10

Konu Anlatimi: Dual degiskenli fonksiyonlarin seriye agilimi;|
dual integral

Smif-ici Uygulama (30 dk.): Verilen dual degiskenli
fonksiyonlarin seriye agilarak dual karsiliklarinin hesaplanmasi,
verilen bir dual fonksiyonun integralinin hesaplanmasi

Simif-i¢i Tartisma (10 dk.): Dual degiskenli fonksiyonlarin seriye
lacilmasinda fonksiyonun tiirevlenebilirliginin etkisinin tartigilmasi

Kisa Smav 3 (25-30 dk.): Ders sonunda 9. hafta derste iglenen|
konulari iceren bir kisa sinavin yapilmasi

Kompleks degiskenli
kavramlarma  iliskin  6n  bilgileri
hatirlanmasi ve etkinlestirilmesi. Kaynak:
Ders Kitabi, 39-56.

Dual degiskenli fonksiyonlarm seriye
acilimi ve dual integral konularimi igere
bolimlerin okunmasi. Kaynaklar: Ders|
Kitabi, 143-145. [1], 64-77.

Kisa Smav 3: (D-modiilde dua
izometriler, dual matrisler) Kaynaklar: Ders
Kitabi, 197. [1], 50-55. [3], 268-354.

11

Konu Anlatimi: Reel  kuaterniyonlar  cebiri ve  reell
kuaterniyonlar lizerinde temel islemler

Smif-i¢ci Uygulama (30 dk.): Verilen reel kuaterniyonlarin|
toplamlarinin,  skaler  carpimlarinin  hesaplanmasi,  bir
kuaterniyonun esleniginin bulunmasi, normunun ve tersinin|
hesaplanmasi

Sinif-ici Tartisma (15 dk.): Kuaterniyonlarin cebirsel yapisinin|
ele alinmasi, 3B bilgisayar grafiklerinde ve oyun motorlarmdal
kullaniminin irdelenmesi

Cebir kavramimna iliskin 6n bilgileri
hatirlanmasi ve etkinlestirilmesi. Kaynak|
[4], 161-167.

Reel kuaterniyonlar cebiri ve reel
kuaterniyonlar iizerinde temel islemle
konularmi igeren boliimlerin okunmasi.
Kaynaklar: Ders Kitab1, 312-317. [1], 784
88.

12

Konu Anlatimi: Iki vektSriin kuaterniyon carpimi; reel
kuaterniyonlarin matris gosterimi

Simf-i¢ci Uygulama (30 dk.): Verilen iki vektoriin pure
kuaterniyon ~ olarak  yazilmasi,  kuaterniyon  ¢arpiminin|
lhesaplanmasi ve vektorel skaler kismi ile vektorel kisminin
yorumlanmasi, ardindan bir kuaterniyonun 4x4 reel matris|
temsilinin bulunmasi

Siif-ici Tartisjma (10 dk.): Birim kuaterniyonlarin gometrik|
iyorumu, reel kuaterniyonlarin kompleks matris temsilinin|
varliginin aragtirilmasi

Vektorel carpimin ve lineer doniisiimii
matris gosterimi kavramlarina iliskin 6
bilgilerin hatirlanmasi ve etkinlestirilmesi.
Kaynak: [4], 246; 178-184.

iki vektoriin kuaterniyon carpimi ve reel
kuaterniyonlarin matris gosterimi
konularmi igeren boliimlerin okunmasi.
Kaynaklar: Ders Kitabi, 315; 330-333. [1],
88-93.

13

Konu Anlatimi: Simplektik geometri

Sinif-ici Uygulama (30 dk): Sirali n-li reel kuaterniyonlarin|
kiimesi icin  verilen vektorlerin  Simplektik  carpiminin|
lhesaplanmasi ve sagladigi 6zelliklerin gosterilmesi

Sinif-ici Tartisma (10 dk.): Simplektik geometride sirali n-li reel
kuaterniyonlarin kiimesi matris temsilin olup olamayacaginin|
tartisilmast

Ic carpim uzayr kavramma iliskin &
bilgilerin hatirlanmasi ve etkinlestirilmesi.
Kaynak: [4], 46-52.

Simplektik geometri konusunu igeren|
bolimlerin okunmasi. Kaynaklar: Ders|
Kitabi, 328. [1], 94-103.

14

Konu Anlatimi: Dual kuaterniyonlar ve dual kuaterniyonlar
lizerinde temel islemler

Simif-i¢ci Uygulama (30 dk): Verilen dual kuaterniyonlar temel
cebirsel islemlerin hesaplanarak sagladigi 6zelliklerin gosterilmesi
(toplama, skaler ile ¢arpma, kuaterniyon ¢arpimi, eslenik, norm)

Smmif-i¢ci Tartisma (15 dk.): Katsayilar1 reel sayilar olan reel
kuaterniyonlar yerine katsayilari dual sayilar olan dual sayi
katsayili kuaterniyonlarin varliginin olup olamayacaginin ve|
lgeometrik yapisinin tartigiimast

Reel kuaterniyonlar kavramina iliskin &
bilgilerin hatirlanmasi ve etkinlestirilmesi.
Kaynak: Ders Kitabi, 312-333.

Dual kuaterniyonlar ve dual kuaterniyonla
tizerinde temel islemler konularmni iceren
boliimlerin okunmasi. Kaynak: Ders Kitabi,
372-386.

15

Konu Anlatimi: Farkli kuaterniyonlar ve sayilar sistemlerini
inceleme

Simif-i¢ci Uygulama (30 dk): Farkli kuaterniyonlar ve sayilar
sistemlerine dair ¢esitli temel cebirsel yapilarina dair 6rnekler

Reel kuaterniyonlar kavramina iliskin &
bilgilerin hatirlanmasi ve etkinlestirilmesi.
Kaynak: Ders Kitab1, 312-333; 372-376.
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Simif-i¢i Tartisma (20 dk.): Farkli yapilardaki 2 ve 4 boyutlu say1 2. Farkli kuaterniyonlar ve sayilar sistemlerini
sistemlerinin  karsilagtirilmasi, her zaman icin 2 boyutly] iceren boliimlerin okunmasi. Kaynak: Ders
sistemlerden 4  boyutlu sayr sistemlerinin  tanimlanip Kitabi, 72-75; 218-222; 385-404.

tanimlanamayacaginin tartisilmast
3. Kisa Smav 4: (farkli kuaterniyonlar ve

Kisa Smav 4 (25-30 dk.): Ters yiiz edilmis 6grenme (flipped sayilar sistemleri) Kaynak: Ders Kitabu,
learning) yontemi gercevesinde, ders basinda, 6grenciye verilen| 72-75; 218-222; 385-404.
6n hazirlik gorevinde yer alan konulari igeren bir kisa sinavin|
yapilmasi
16 [Final Islenen konularim tiimiiniin tekrar edilmesi

AKTS iSYUKU TABLOSU

Etkinlikler Siiresi Toplam Isyiikii
(Saat)

Ders Saati 3 42

Laboratuar

Uygulama

Arazi Calismasi

Simif Dis1 Ders Calismasi

Derse Ozgii Staj

Odev

Kiiciik Smavlar/Stiidyo Kritigi

Projeler

Sunum / Seminer

Ara Siavlar (Sinav Siiresi + Siav
Hazirhk Siiresi)

Final (Sinav Siiresi + Sinav
Hazirhk Siiresi)

Toplam s yiikii:

Toplam s yiikii / 30(s):

AKTS Kredisi:
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COURSE INFORMATION FORM

FACULTY / GRADUATE SCHOOL Faculty of Arts and Sciences

DEPARTMENT / PROGRAMME Mathematics

TITLE OF COURSE Dual Numbers and Quaternion Theory

CODE MAT4450
3

LOCAL CREDIT

ECTS

LECTURE HOUR / WEEK

PRACTICAL HOUR / WEEK

LABORATORY HOUR / WEEK

PREREQUISITE None

SEMESTER Fall, Spring

COURSE LANGUAGE English, Turkish

LEVEL OF COURSE First Cycle

COURSE TYPE Elective @ Bachelor Programme in Mathematics

COURSE CATEGORY Core Courses

MODE OF DELIVERY Face-to-Face

OWNER ACADEMIC UNIT Department of Mathematics

COURSE COORDINATOR Salim YUCE

ASSISTANT(S)

This course aims to help students develop an understanding of fundamental linear algebra
concepts, complex numbers, dual numbers, matrix representations of dual numbers, and
the dual vector space; present the concepts of the dual plane, absolute value, triangle
inequality, and conjugate, as well as the basic definitions and theorems related to dual
numbers; examine the inner product, norm, exterior product, vector product, mixed
product, and basis concepts in dual vector spaces in D-modules; and examine topics such
as the E-Study transformation, dual angle, dual isometries, and dual matrices in D-
modules. In addition, the course includes the series expansion of dual-variable functions
COURSE OBJECTIVES and the computation of dual integrals, the algebra of real quaternions, fundamental
operations on real quaternions, the quaternion product of two vectors, and the matrix
representation of real quaternions. Furthermore, it introduces symplectic geometry and
investigates the basic operations on dual quaternions. The course aims to equip students
with the ability to understand the abstract concepts specific to dual numbers and
quaternions, and to interpret these concepts from both geometric and analytical
perspectives.

Fundamental linear algebra concepts, complex numbers; dual numbers, the system of dual
numbers, matrix representation of dual numbers, dual vector space, basic definitions and
theorems related to dual numbers (dual plane, absolute value, triangle inequality,
conjugate); D-modules, inner product and norm on D-modules, E.Study transformation
and dual angle, exterior product, vector product, mixed product, and the concepts of basis
COURSE CONTENT in dual vector spaces, dual isometries on D-modules; dual matrices; series expansion of
dual-variable functions, dual integrals; algebra of real quaternions, fundamental
operations on real quaternions, quaternion product of two vectors, matrix representation
of real quaternions; symplectic geometry; dual quaternions and fundamental operations
on dual quaternions.
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Coursebook:
Yiice, Salim. Sayilar ve Geometri. 1st ed., Pegem Akademi Publishing, 2020.

Required Readings:

[1] Hacisalihoglu, H. Hilmi. Hareket Geometrisi ve Kuaterniyonlar Teorisi. 1st ed., Gazi
Univeristy Publications of the Faculty of Arts and Sciences, 1983.

[2] Miiller, Hans Robert. Kinematik Dersleri. Ankara University Faculty of Arts and
Sciences, Um. 96-Mat No:2, 1963.

[3] Yiice, Salim. Sayilar ve Matrisler Teorisi. 1st ed., Pegem Akademi Publishing, 2023.
[4] Yiice, Salim. Lineer Cebir. 8th ed., Pegem Akademi Publishing, 2025.
Recommended Readings:

Blaschke, William, Miiller, Hans Robert. Ebene Kinematik. Oldenbourg, Miinchen, 1956.
Hacisalihoglu, H. Hilmi. Lineer Cebir. 8th ed., Ankara University, 2000.
Miiller, Hans Robert. Sphdrische Kinematik. VEB Deutscher Verlag der Wissenschaften,
Berlin, 1962.

Upon successful completion of the course, students will be able to

1. Explain the definitions of complex numbers, and dual numbers; matrix
representations of dual numbers and the dual vector space.

Express the concepts of dual plane, absolute value, triangle inequality,
conjugate; fundamental theorems related to dual numbers, the structure of D-
modules; inner product, norm, exterior product, vector product, mixed product,
and the concept of basis in dual vector spaces.

. Explain the E-Study transformation and dual angle; dual isometries and dual
Course Learning Outcomes matrices in D-modules.

Compute the series expansion of dual-variable functions and dual integrals.

Examine the algebra of real quaternions, including addition and multiplication
of quaternions, finding the conjugate, and matrix representations.

Explain the concept of symplectic geometry; fundamental operations on dual
quaternions.

Interpret the abstract concepts specific to dual numbers, quaternions, and dual
quaternions from both geometric and analytic perspectives.

EVALUATION SYSTEM

‘ Activities Number Percentage of Grade

| Attendance/Participation H H

‘ Laboratory H H

| Field Work H H

| Application H H ‘

‘ Special Course Internship (Work Placement) H H

Quizzes/Studio Critics (Required):
e Content: Comprehensive questions covering all topics addressed up
to the exam week

e  Format: Face-to-face multiple-choice quiz (5-10 minutes)

. L 4 %20
o  Detailed Assessment Criteria:

-Demonstration of understanding of the fundamental concepts of the
course
-Ability to solve problems on theoretical topics covered in the course
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| Homework Assignments

| Presentations/Jury

| Project

| Seminar/Workshop

Midterms (Required):

Content: Comprehensive questions covering all topics addressed up
to the exam week

Format: Face-to-face written exam. (90 minutes).

Detailed Assessment Criteria:

-Demonstration of understanding of the fundamental concepts of the
course

-Ability to solve problems on theoretical topics covered in the course
-Carrying out theoretical reasoning processes

Final (Required):

Content: Comprehensive questions covering the entire content of the
course

Format: Face-to-face written exam. (90 minutes).

Detailed Assessment Criteria:

-Demonstration of in-depth understanding of all topics covered in the
course
-Ability to apply advanced problem-solving skills

Percentage of In-Term Studies H

%60 |

Percentage of Final Examination H

%40 ‘

TOTAL %100

WEEKS

COURSE OUTLINE

Related Preparation

Lecture: Fundamental concepts of linear algebra;|
complex numbers

In-Class Practice (30 minutes): Addition and
multiplication of given complex numbers, finding thei
conjugates, performing division, computing inne
products and norms, and examining their algebraic
structure

In-class Discussion (5 minutes): Investigating the
importance of using complex numbers in mathematicall
problems that cannot be explained by real numbers;|
examining the relationship between the real plane and
the system of complex numbers; exploring whethe
complex numbers form a field

Recollection and activation of prior knowledge on the
concepts of the group, ring, field, vector space, and
subspace. Source: [4], 2-9; 1441.

Reading the sections covering complex numbers.
Source: Coursebook, 24—54.

Lecture: Dual numbers and the dual number system

In-Class  Practice (30 minutes): Addition,
multiplication, and division of given dual numbers;
computation of their norms, and examination of thei
algebraic structure

In-class Discussion (15 minutes): Comparison of the
fundamental operations of dual numbers with comple

Recollection and activation of prior knowledge on the
concepts of the complex numbers and the complex
number system. Source: Coursebook, 24—54.
Reading the sections covering dual numbers and the
dual number system. Sources: Coursebook, 122—128.
[1], 1-10.
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mumbers; discussion on whether the
numbers constitutes a field

Lecture: Matrix representation of dual numbers; th
dual vector space

In-Class Practice (30 minutes): Writing the matrix|
representation of two given dual numbers and
comparing the product of these matrices with the
product of the dual numbers; various applications on
dual vectors

In-class Discussion (15 minutes): Evaluating th
differences between the dual vector space and real
vector space; examining the advantages of using the]
matrix representation of dual numbers in applications

Quiz 1 (25-30 minutes): At the end of the session,
short quiz will be administered covering the topics|
studied up to the end of week 2

Recollection and activation of prior knowledge on the
concepts of the matrix representation of complex
numbers. Source: Coursebook, 33-35.

Reading the sections covering the matrix representation
of dual numbers and the dual vector space. Sources:
Coursebook, 129-131. [1], 11-14; 18-21.

Quiz 1: (all topics up to the end of week 2) Sources:
Coursebook, 24-54; 122- 128. [1], 1-10.

Lecture: Fundamental definitions and theorems related|
to dual numbers (dual plane, absolute value, triangle]
inequality, conjugate)

In-Class Practice (30 minutes): Finding the absolute]
values, norms, and conjugates of given dual numbers;|
demonstrating the validity of the triangle inequality

In-class Discussion (15 minutes): Discussing th
similarities and differences between dual conjugates|
and real/complex conjugates; examining the structure
of the dual plane

Recollection and activation of prior knowledge on the
concepts of the plane, absolute value, triangle
inequality, and conjugate for complex numbers.
Source: Coursebook, 24-55.

Reading the sections covering the fundamental
definitions and theorems related to dual numbers.
Sources: Coursebook, 126—129; 146. [1], 14-17.

Lecture: D-module, inner product and norm on DA
module

In-Class Practice (30 minutes): Computing the inne
product and the norm of given dual vectors

In-class Discussion (15 minutes): Students investigate]
whether the dual parts of vectors affect the norm whe
calculating the inner product and norm of given duall
vectors

Recollection and activation of prior knowledge on the
concepts of the inner product and norm in the vector
spaces. Source: [4], 46-56.

Reading the sections covering D-module and the
definitions of inner product and norm on D-module.
Sources: Coursebook, 167-172. [1], 25-28.

Lecture: E-Study transformation; dual angle

In-Class Practice (30 minutes): Calculating th

trigonometric expansions of a given dual angle ® fo
cos(®) and sin(®), and demonstrating that the real pa

represents rotation while the dual part represents|
translation

In-class Discussion (10 minutes): Examining how th

E-Study transformation simplifies the rotation

translation relationship in robotics, computer graphics,|
or kinematics; discussing the advantages of dual angles|
representing both rotation and translation together in
engineering and robotics

Recollection and activation of prior knowledge on the
concepts of linear transformations and the angle
between the vectors. Source: [4], 50-51; 140-158.
Reading the sections covering E-Study transformation
and dual angle. Sources: Coursebook, 172-175. [1],
29-41.

Lecture: Exterior product, vector product, mixe
product on D-module; the concept of basis in duall
vector spaces

In-Class Practice (30 minutes): Computing th
exterior product of given dual vectors; finding the
mixed product of three dual vectors; examining]
whether the given vectors form a basis in the duall
[vector space

In-class Discussion (20 minutes): Analyzing th

Recollection and activation of prior knowledge on the
concepts of vector product, scalar triple product, and
basis. Source: [4], 70-80; 246-250.

Reading the sections covering the exterior product,
vector product, mixed product on D-modules, and the
concept of basis in dual vector spaces. Sources:
Coursebook, 187-197. [1], 42—45; 46-50.

Quiz 2: (all topics up to the end of week 6)
Sources: Coursebook, 24-54; 122-131, 146; 167-175.
[1], 1-10; 14-17; 25-41.
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lgeometric meaning of the dual exterior product and the
mixed product; discussing the differences between the
concept of basis in dual vector space and the concept o
basis in real vector spaces

Quiz 2 (25-30 minutes): At the end of the session,
short quiz will be administered covering the topics
studied up to the end of week 6

8 Midterm 1 Review of all topics covered up to the exam week.
Lecture: Dual isometries; dual matrices
In-Class Practice (30 minutes): Demonstratin
whether. a given transfomatlon 15 a dual .1sometry; Recollection and activation of prior knowledge on the
performing basic algebraic operations for given dual . .
matrices; exploring some special examples of dual concepts of Isometry and matrices.
matrices’ Source: [4], 58-117; 151-158.

9 Reading the sections covering dual isometries and dual
In-class Discussion (20 minutes): Geometric] glggrjggi Sources: Coursebook, 197. [1], 50-55. [3],
interpretation ~ of  orthogonal dual  matrices; ’
investigating the correspondence of the unit sphere in
D-module to dual rotations in three-dimensiona
[Euclidean space
Lecture: Series expansion of dual-variable functions;|
dual integrals
In-Class. Practlce. (30. mlnu?es): Exp andlng el Recollection and activation of prior knowledge on the
dual-variable functions into series and calculating thei . .

] . . . concepts of the complex-valued functions. Source:
dual counterparts; computing the integral of a give
dual function Courgebook, 397:56' . . .
Reading the sections covering dual-variable functions
10 In-class Discussion (10 minutes): Discussing th and dual integrals. Sources: Coursebook, 143—-145. [1],
. L . - 64-717.
effect of differentiability of a function on the series . . . .
e xpansion of dual-variable functions Quiz 3: (dual isometries and dual matrices) Sources:
p Coursebook, 197. [1], 50-55. [3], 268-354.
Quiz 3 (25-30 min): At the end of the session, a sho
quiz will be administered covering the topics studied in|
week 9
Lecture: Algebra of real quaternions and fundamenta
operations on real quaternions
In-Class Practice (30 minutes): Computing the sums| Recollection and activation of prior knowledge on the
and scalar products of given real quaternions; finding] concept of the algebra. Source: [4], 161-167.
the conjugate of a quaternion; calculating its norm an Reading the sections covering the algebra of real
11 inverse quaternions and fundamental operations on real
quaternions. Sources: Coursebook, 312-317. [1], 78—
In-class Discussion (15 minutes): Examining th 88.
algebraic structure of quaternions; investigating thei
applications in 3D computer graphics and game
lengines
Lecture: Quaternion product of two vectors; matrix|
representation of real quaternions
In-Class Practice (30 minutes): Writing two given| . N .
( . ) . & two gt Recollection and activation of prior knowledge on the
Ivectors as pure quaternions; computing their quaternion| . .
. B . concepts of the matrix representation of vector product
product and interpreting its scalar and vector parts; then| ; .
. . . and linear transformation. Source: [4], 246; 178—184.
finding the 4x4 real matrix representation of . . ) .
12 . Reading the sections covering the quaternion product
quaternion. ; .
of two vectors and the matrix representation of real
) quaternions. Source: Coursebook, 315; 330-333. [1],
In-class Discussion (10 minutes): Geometric] 88-93.
interpretation of unit quaternions; investigating the
existence of complex matrix representations of reall
quaternions
13 Lecture: Symplectic geometry Recollection and activation of prior knowledge on the
concept of inner product space.
(Form No: FR-0315; Revizyon Tarihi: 02.07.2015; Revizyon No:04) Sayfa: 11/16



In-Class Practice (30 minutes): Computing th

Source: [4], 46-52.

symplectic product of given vectors in the set o 2. Reading the sections covering symplectic geometry.
ordered n-tuples of real quaternions and demonstrating] Sources: Coursebook, 328. [1], 94-103.
its properties
In-class Discussion (10 minutes): Discussing whethe
the set of ordered n-tuples of real quaternions i
symplectic geometry can have a matrix representation
[Lecture: Dual quaternions and fundamental operations|
on dual quaternions
In-Class Practice (30 minutes): Performing basic 1. Recollection and activation of prior knowledge on the
. . . . concept of real quaternions. Source: Coursebook, 312—
algebraic operations on given dual quaternions| 333
(addition, scalar multiplication, quaternion product, . . . .
. . . . . 2. Reading the sections covering dual quaternions and
14 conjugation, norm) and demonstrating their properties . .
fundamental operations on dual quaternions.
In-class Discussion (15 minutes): Discussing th Source: Coursebook, 372-386.
existence and geometric structure of quaternions witl
dual number coefficients (i.e., dual-number-base
quaternions) in place of real-number coefficients
Lecture: Exploring different quaternion and numbe
systems
[n-Class Practlce (3.0 minutes): Worklpg on examp.les 1. Recollection and activation of prior knowledge on the
of the basic algebraic structures of various quaternio .
and number systems study of the reel and dual quaternions.
Source: Coursebook, 312-333; 372-376.
In-class Discussion (20 minutes): Comparing two- 2. Reading the sections covering the different quaternions
. . : ; and number systems. Source: Coursebook, 72-75;
and four-dimensional number systems in differen
15 . . . . 218-222; 385-404.
structures;  discussing whether  four-dimensiona . . . .
umber svstems can alwavs be defined from twod 3. Quiz 4: (exploring different quaternion and number
. Y Y systems) Source: Coursebook, 72-75; 218-222; 385-
dimensional systems
404.
Quiz 4 (25-30 minutes): A short quiz at the beginning
of the lesson, covering topics assigned as pre-class|
preparation within the flipped learning framework
16 Final Review of all topics covered.

ECTS WORKLOAD TABLE

Activities

Duration Total Workload

Course Hours

42

Laboratory

Application

Field Work

Study Hours Out of Class

Special Course Internship (Work Placement)

Homework Assignments

Quizzes/Studio Critics

Project

Presentations / Seminar

Mid-Terms (Examination Duration + Examination Prep. Duration)
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Final (Examination Duration + Examination Prep. Duration)

Total Workload: H

Total Workload / 30(h): H

ECTS Credit:
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Ders Odrenim Ciktis1 & Program Ciktis1 Matrisi

PS:-I Geometri, analiz,

lineer cebir, soyut matematik,
cebir ve diferansiyel
denklemler gibi matematigin
temel alanlarindaki tanimlari
ve teoremleri ifade
edebilecek, bunlar arasinda
iligki kurabilecek ve
teoremlerin  uygulamalarini
aciklayabileceklerdir. / State
the definitions and theorems
in fundamental areas of
mathematics such as
geometry, analysis, linear
algebra, abstract mathematics,
and differential equations,
establish connections between
them and explain their

19)]
[°N
19)]
19)]
19)]
19)]
1

applications.

PS :-2 Matematik alanindaki
teorik ve uygulamali
bilgilerini ve matematiksel
diigiinme becerilerini
kullanarak standart ve
karmagik matematiksel

problemleri tanimlayabilecek
ve analitik ve/veya sayisal
yontemlerle ¢odzebilecek ve
matematiksel bir Snermenin
gecerliligini  farklt  ispat
yontemleri ile
ispatlayabileceklerdir. /
Identify standard and complex
mathematical problems, solve
these problems with analytical
and/or numerical methods and
prove the wvalidity of a
mathematical proposition
through various proof
techniques using their
theoretical and applied
knowledge of mathematics
and mathematical thinking

[°N
1w
[°N
[°N
[°N
I~
I~

skills.

PQ-3 Matematik alanindaki
teorik ve uygulamal
bilgilerini ve matematiksel
disiinme becerilerini

kullanarak gercek hayattaki
problemlerin ~ matematiksel
modellerini gelistirebilecek ve
bu  modelleri  kullanarak
problemlere gegerli ¢oziimler
iiretebileceklerdir. / Develop
mathematical models for real-
life problems and generate
valid solutions based on these
models using their theoretical
and applied knowledge of
mathematics and
mathematical thinking skills.

PS;-4 Disiplinlerarast bir 5 §

19
I
I
I
I
1))
19

[)
[3)
[3)
I~

3
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yaklagimla, farkli alanlarda
edinmis olduklar1 bilgileri
sentezleyebileceklerdir. /
Synthesise knowledge
acquired  from  different
disciplines through an
interdisciplinary approach.

PS:-S Matematik alaninda
edindikleri bilgi birikimlerini
ve matematiksel diisiinme
becerilerini, teorik matematik,
yazilim, finans ve yoOnetim
matematigi, biyomatematik,
veri bilimi ve finansal
istatistik ~ yontemleri  gibi
disiplin-i¢i ve disiplinlerarast
uzmanlik alanlarinda
gelistirebileceklerdir. /
Advance  their  acquired
knowledge in mathematics
and mathematical thinking
skills in both disciplinary and
interdisciplinary  areas  of
specialisation such as pure
mathematics, software,
financial and managerial
mathematics, biomathematics,
data science, and financial
statistical methods.

PQ-6 Matematik alaninda

yaygin olarak kullanilan en az
bir programlama dili ile
bilgisayar ve yapay zeka
teknolojilerini,  problemleri
¢ozmek, veri analizi yapmak
ve simiilasyonlar
gerceklestirmek igin
kullanabileceklerdir. / Use at
least one  programming
language and computer and
artificial intelligence
technologies widely employed
in mathematics for problem-
solving, data analysis, and
simulations.

PC-7 Matematik ve ilgili

alanlardaki  bilimsel ve
teknolojik geligsmeleri
izleyebilecek, kariyer
firsatlarini degerlendirerek
kisisel ve mesleki gelisim
hedeflerini belirleyebilecek ve
bu hedeflere ulagsmak igin
hayat boyu 0grenme
stratejilerini = = - - - - -
kullanabileceklerdir. / Follow
scientific and technological
developments in mathematics
and related fields, assess
career opportunities, identify
personal and professional
development goals, and adopt
lifelong learning strategies to
achieve these goals.

PC-8 Bilimsel _ _ _ _ _ _ _

aragtirmalarint  ve  mesleki - - - - - - -

10)]
[N
[N
[N
[N
10)]
I

[°N
[°N
[°N
1))
[°N
I~
1))
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faaliyetlerini yiiriitiirken
dogabilecek hukuksal
sonuglari ve toplumsal etkileri
dikkate alarak mesleki etik
ilkeler, kalite standartlari ile
evrensel degerler
dogrultusunda  ve  sosyal
sorumluluk bilinci ve adalet
duygusuyla hareket
edebileceklerdir. / Act with a
sense of social responsibility
and justice and in accordance
with  professional  ethical
principles, quality standards,
and universal values by taking
into account potential legal
and societal consequences of
their scientific research and
professional activities.

PS ‘-9 Bireysel olarak ya da
takimlarda  etkin  bigimde
calisabileceklerdir. / Work
effectively both independently
and as part of a team.

Pg -10 Matematik alaninda

giivenilir bilgi kaynaklarina
ulasarak literatlir taramasi
yapabilecek ve akademik

1w
1w
1w
1w
1w
1w
1@

arastirma tasarlayip
yiiriitebileceklerdir. / Access - - - - - - -
reliable sources of

information, conduct literature
reviews, and design and carry
out academic research in the
field of mathematics.

PS ;- 11 Matematiksel

konular1, teorileri, ispatlari,
aragtirmalart  ve  problem
¢Oziimlerini, matematik
terminolojisi kullanarak tim
paydaslara Tiirkge ve
Ingilizcede sozlii ve yazili
olarak etkili bigimde
aktarabileceklerdir. /
Effectively communicate
mathematical topics, theories,
proofs, research, and problem
solutions to all relevant
stakeholders using appropriate
mathematical  terminology,
both orally and in writing, in
Turkish and in English.

[°N
[°N
[°N
[°N
[°N
I~
I~
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